We study static spherically symmetric configurations in the presence of linear massive scalar fields within General Relativity. Static solutions of the Einstein equations are considered under conditions of asymptotic flatness. Each solution is fixed by the configuration mass and the field strength parameter, which are defined at spatial infinity. The metric coefficients and the scalar field for a specific configuration are obtained numerically. Then we study the time-like geodesics describing the test particle motion. The focus is on the distribution of stable circular orbits (SCOs) of the test particles around a configuration. We found that, for the continuum of configuration parameters, there exist two unlinked regions of SCOs that are separated by some annular region, where SCOs do not exist.
Introduction
Theories with scalar fields are widely discussed in gravitational physics [1] [2] [3] [4] , when the scalar field (SF) acts as an independent physical entity or as an auxiliary tool that helps to highlight merits of general relativity in experimental tests and to understand some properties of more complicated structures (with higher spins, etc.). In particular, it is widely assumed that some form of a dynamical dark energy (DE) provided the inflation of the very early Universe [2] , and the theories with scalar fields (SFs) occupy an important sector of this area (see, e.g., [5, 6] ). The abundance of various cosmological models draws attention to unifying the schemes and interrelations between competing dark energy candidates [3, 4, 7] , in particular, between scalar field models and the traditional hydrodynamical approach in cosmology (see, e.g., [8] [9] [10] [11] [12] [13] ).
On the other hand, one can look for effects of SFs in relativistic compact astrophysical objects. It should be noted that, for a wide class of nonlinear wave equations, there exist no regular stable stationary solutions [14] . Therefore, a solution with SF must have some kind of singularity. There is an analytic solution c ○ O.S. STASHKO, V.I. ZHDANOV, 2019 with the massless SF that is singular at the origin [15, 16] ; this solution shows that an arbitrarily small SF strongly affects the space-time topology leading to the naked singularity. Particular numerical solutions for a massive scalar field were found by Asanov [19] , also with the singularity. On the other hand, Bekenstein ( [17] ; see also [18] and references therein) showed that a stationary black hole cannot be endowed with exterior SF.
Different DE models can manifest themselves through the geodesic structure of the space-time near compact astrophysical objects. In particular, the distribution of test body circular orbits may give us a hint about real accretion disks around these objects (see, e.g., [21] [22] [23] [24] [25] [26] [27] [28] and references therein). Examples show that, in a number of cases, the disconnected structures of stable circular orbits (SCOs) can arise [25] [26] [27] [28] [29] [30] [31] . In our previous papers [29] [30] [31] , this question was considered for specially chosen SF potentials that enabled us to perform a semianalytic treatment. In particular, we showed that the discontinuous distributions of SCOs can arise both in the case of a spacetime with naked singularities and in the black hole space times.
In the presence of a linear massless real SF, the existence of disconnected regions of SCOs separated by a ring of unstable orbits was shown in [23] , by using an analytic solution [15, 16] . In the present paper, we extend this result to the massive case with the potential ( ) = 2 2 /2. Note that, in the previous paper [30] , we considered the massive case for artificially chosen SF potentials. Because of the absence of an exact analytic solution of the Einstein-SF equations, we treat the problem numerically. We will derive asymptotic relations for the metric and SF at the spatial infinity (Section 3) and then continue the solutions numerically from large values of a radial variable to smaller ones (Section 4). The distribution of SCOs is studied in Section 5, by using the effective potential for test body trajectories.
General Relations and Notations
We consider a configuration with massive linear scalar field (SF) defined by the Lagrangian density
The space-time with metric 2 = obeys the Einstein equations
and is assumed to be asymptotically flat. In this paper, we use units, in which = = 1.
We deal with a static spherically symmetric spacetime. The coordinate system is fixed by the following expression for the metric:
Here, ≥ 0, and 2 = 2 + (sin ) 2 2 is the interval on the unit sphere. The energy-momentum tensor of the field is
The field equation
follows either from the covariant conservation law for (4), which is also the integrability condition of (2) with the energy-momentum tensor (4), or directly from the Lagrange equations for . Einstein's equations (2) for
yield three nontrivial equations for ( ), ( ), and ( ) in the case of static metric (3) (see, e.g., [32] ). We use two equations (2) for ( , ) = (0, 0) and ( , ) = (1, 1), which can be written as
In the case of static metric (3), Eq. (5) yields
Equation (2) for ( , ) = (2, 2) and the equivalent one for ( , ) = (3, 3) follow from (6), (7), and (8).
Boundary Conditions and Asymptotic Behavior
We are looking for the functions ( ), ( ) ∈ ∈ 1 (0, ∞), and ( ) ∈ 2 (0, ∞), which satisfy (6)- (8) .
In view of the asymptotic flatness, we assume
where = 2 , and > 0 is the configuration mass. It is also assumed that the field ( ) and its derivative tend to zero sufficiently rapidly at the spatial infinity similarly to the flat space case where ( ) ∼ exp(− ) (to within a power-law factor). Multiplying (8) by yields
Given the assumption about the behavior at infinity
and taking (9) into account, we have
Then the integration of (10) yields
This means that, in the case of regular ( ), ( ), and ( ) and under condition (11), the non-trivial ( ), as well as 2 / < 0, cannot be zero for any on (0, ∞), i.e. these functions do not change their signs, and | ( )| is a monotonically decreasing function. Moreover,
2 / → ∞ for → 0 as −2 or faster, and at least one of the functions exp[( − )/2] and 2 / must be singular as → 0. For definiteness, we further assume that ( ) > 0 and, correspondingly, / < 0.
In the case of Lagrangian (1) for the energymomentum (4), we have
2 2 /2 and
Equations (6-8) form a complete system for the numerical integration under the assumptions concerning the asymptotic behavior at the spatial infinity. Further, we integrate this system backward, by starting from sufficiently large values of . This needs approximate analytic solutions for large . To facilitate the analytic calculations, it is convenient to introduce a formal parameter into (6) and (7):
We set
Then we can look for the solutions as a formal expansion in powers of , by setting = 1 in the final results. This is the same as an expansion in powers of the gravitational constant (see, e.g., [20] ). In view of (15), we rewrite (13) as
Substituting the lowest approximation ( = 0) of (15) into Eq. (8), we get
where is an arbitrary constant that characterizes the field strength at the spatial infinity, = /2, and 0 ( ) is the unique solution of the equation
and satisfies 0 (∞) = 1. The parameters = /2 and completely characterize the solution and the whole spherically symmetric configuration. The solution 0 ( ) of (18) can be found in the form of an asymptotic series in powers of −1 . Then we proceed to (14) , (16) . Discarding the terms ∼ 2 and higher orders in in these equations, we have
Further approximations show that the asymptotic solution can be represented in the form
where , , and can be expanded, in turn, in powers of 1/ as follows:
0,0 = 1, and the other coefficients , , , , , can be obtained in the unique way, by equating terms with equal powers in , exp(− ), and 1/ on the both sides of (8), (14) , (16) ; , are defined by the prescribed accuracy of the approximation.
For example, the first coefficients are ( = )
The coefficients are generally non-analytic in , and the higher orders of the expansion contain even higher orders of −1 . Fig. 1 . 00 = ( ) , 11 = − ( ) ) and the field ( ) for different , fixed 
Numerical Solutions
We used the asymptotic relations (21)-(23) with = = 1 to derive initial conditions ( inf ),
( inf ), which have been evaluated at a remote point = inf ≫ . Then we integrate Eqs. (6)- (8) backward from inf to the origin by means of the 4-th order Runge-Kutta method. As a result, we obtain a three-parameter family ( , , ) of the asymptotically flat solutions.
The choice of inf is a result of the compromise between the accuracy of the initial conditions and the number of terms in the asymptotic expansion. We rescaled the parameters and to and , which corresponds to measuring and in the units of 1/ . After the rescaling, the typical choice of the initial point was inf = 100. In our stability tests of the numerical solutions, the computer experiments involved up to 30 terms of the expansion in 1/ .
Typical examples of the metric coefficients 00 = and 11 = − and the scalar field as functions of are presented in Figs 
Distribution of Circular Orbits
Here, we consider the time-like equatorial geodesics ( = /2) of neutral test particles described by the integrals of motion
where stands for the proper time of a particle. These equations together with the normalization integral for the time-like geodesics yield the equation for the radial variable
Equation (26) formally describes a one-dimensional particle motion in a field with effective potential eff . Possible SCOs correspond to the points of minimum min of eff , i.e., ′ eff ( ) must change its sign from positive to negative, when passing min . To study the distribution of SCOs, we used the method in [31] , which is modified to the case of coordinates corresponding to (3) .
The behavior of eff is defined by the derivative
If ′ > 2, then eff / > 0, and there is no minima on this interval. If ′ < 2, then the inequality eff / ≶ 0 is equivalent to ( ) ≶ 2 , where we introduced the function
Therefore, there is a local minimum eff ( min ) if and only if
and the function ( ) is monotonically increasing in the neighborhood of min . Function (28) is useful to study possible minima and maxima of eff ( , ) and their relative disposition. For example, we see in Fig. 5 that there are no configurations such that eff has two minima, as there is no more than one solution of (29) on the interval, where ( ) > 0 is monotonically increasing.
On the other hand, in the case of Fig. 4 , this situation is possible, when two minima of eff correspond to the same value of 2 . For fixed , , from Fig. 4 , we see that if 2 changes, the radii of SCOs of the inner ring vary from zero to some 1 , which is the point of a maximum of ( ) so that ( ) is monotonically increasing on (0, 1 ). The radii of the outer ring vary from 2 to infinity, where 2 is the point of a minimum of ( ).
Using ( ) ≡ ( , , ) that also depends on ( , ), we can find the configurations, where the 
for some . This equation defines a curve in the plane of the parameters ( , ), which is a boundary of some parameter area in Fig. 3 . From this viewpoint, the investigation of the qualitatively different distribution of SCOs reduces to the analysis of (30) . Having in mind that this is a necessary (not sufficient) condition, we supplement this analysis by a direct check of the form of eff . The results are presented in Fig. 3 ; the examples of ( ) and eff are shown in Figs. 4, 5, 6, 7, and 8. Possible distributions of SCOs are as follows.
(i) The Schwarzschild-like case (light grey area of the parameters in Fig. 3 ). There is the inner ring of unstable circular orbits. The outer ring of SCOs extends to infinity. Typical eff are shown in Fig. 6 .
(ii) There are configurations, where all circular orbits are stable (dark grey area of the parameters in Fig. 3 ). The effective potentials for the test body trajectories have only one minimum (Fig. 8) .
(iii) White area in Fig. 3 corresponds to the configurations, for which there are two rings of SCOs separated by a ring with unstable circular orbits. The outer ring of SCOs extends to infinity. In this case, ( ) is non-monotonous (two upper curves in Fig. 4) . The typical potential (with different ) for such a configuration is shown in Fig. 7 (solid curve).
We note that the form of eff for fixed ( , ) gives information not only on the position of SCOs (minima of the potential). For example, the potential maxima (see Figs. 6, 7) corresponding to unstable circular orbits (limiting cycles) split the sets of trajectories with different qualitative behaviors, which describe, for example, loops, or infinite trajectories ( ), or finite motions of test particles. It is worth to note that, as can be seen from Fig. 3 , all types of these distributions are possible for sufficiently small and, therefore, for sufficiently small SF.
Discussion
We investigated the circular orbits of test bodies around static spherically symmetric configurations with linear massive scalar fields. With this aim, the numerical solutions of the system of the Einstein -SF equations have been obtained under conditions of the asymptotic flatness of the space-time and the zero field at the spatial infinity. For a fixed SF mass , there are two parameters that describe the configuration: the total mass and the parameter , which defines the field strength. For given , , we studied the distribution of stable circular orbits, using the effective potential eff that describes the test body motion around the configuration.
We found that three types of distributions of SCOs are possible in the case of different , :
(i) the Schwarzschild-like case where there is an infinite region of SCOs, and their radii are bounded from below by the unstable orbits;
(ii) the case where all circular orbits are stable, and (iii) there is the additional inner ring of SCOs, which is separated from the outer (infinite) ring of SCOs by a region of unstable orbits.
The numerical analysis shows that all three cases seem to survive for small values of , i.e., in the limit of small SF. In our opinion, it is of high importance that, for some choice of the configuration parameters , , there exist distributions of SCOs (iii) in the form of two disjoint rings. In this case, the distribution of SCOs is qualitatively different from (i) and (ii). It is significant that, for most , of (iii) (except those corresponding to the bifurcation curves in Fig. 3 ), this feature is stable with respect to small changes of the parameters. The existence/nonexistence of (iii) may be used for testing the models of relativistic astrophysical objects. If such configurations with SF really exist, the above results on the existence of the ring structures give us a hint about the structure of thin accretion discs, which will manifest themselves in the form of relativistic lines [33, 34] in the X-ray spectra.
This work has been supported by the scientific program "Astronomy and space physics" (project 19БФ023-01) of Taras Shevchenko National University of Kyiv.
